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ﬁPLkfŁSVQDRT¢fUVP*]RTŁµUP~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
Æﬁ }.kP´ fkPŁaUP~ﬂkPf1L(}]~Rh}<P~ αi, βi
TSUfP~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P*Q1³QPH¡<X Rhf]RTŁRI°%RT}(>hUPH~P}]~ﬂRh¢]~TU.kPHP~ﬂ°%RhUPfŁ~aSQfUVS¡<fPH¡<fP
ui(1i) = uj(1j)
:T]ŁTkPF]RTSVŁP i, j ²ÄRhŁ*L(}<°(P}<ST}tf}fT~£:(~T}]~ ui(1i) := 1
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i = 1, . . . , n 
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S«T}]S¬ ]P¡<fPUVP1:TSf~
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ÂN²aŁP}fT}~ X = X1 × X2
NPL.~]f<~(}]~D¡<fPU9 T} RhSV
LT}~cŁfSV7UP~xkPk ¹º(}]ﬃSV(}]~xX kSVUSV u1, u2
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a, b, c ffT}<ﬁUVP>~´kSUVSV>~£~T}<Â
u1(a1) = 0.4 u1(b1) = 0 u1(c1) = 1
u2(a2) = 0.4 u2(b2) = 1 u2(c2) = 0,
P}.~ff:(~Rh}<ﬂ¡<fP ui : Xi −→ [0, 1]
 i = 1, 2 <ÔXP~%¦cPﬂRL(QQ1PfŁ¹ºL±
ŁP}]LP a  b ∼ c X¤ﬂfPŁfT}~ w1, w2
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b ∼ c ⇔ w1 = w2
a  b ⇔ 0.4(w1 + w2) > w2
¡<fS°IRTUVP}<7§ 0.8w2 > w2
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T¢k¦cP~ ﬃS¬¹~N~RhS~c¹RTS~Rh}<~~fŁ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T¢k¦cP~ﬁ :ﬃSV¹~ b, c, d := (11,12)
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B := {(1A,0Ac) | A ⊂ N}
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zi = 1i
~S i ∈ A P zi = 0i
~S}fT}X:Æ£f]UVS¡<]Rh}<ﬁ,Æ¤

¥ ) ~fŁ*LPP}]~PQG¢fUPT](}
L(}]~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L(}]kfSVNRhfFT¢k¦cP~ (01,02, . . . ,0n)
PL (11,12, . . . ,1n)
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µ(∅) = 0 PL µ(N) = 1 
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~fŁµRT¡<fPkP>~ŁSkPfŁ>(Ý»UK~PQF¢]UVPHŁRTS~T}f}Rh¢fUP£ SVQ:(~PŁ´RhUTŁ~N¡<fP µ(A) ≤ µ(B) 
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 ∀i ∈ N fT}RzÂ
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¥a}fŁP}]RT}< (x1, x2) = (0, 1)
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α2 = 1, β2 = 0
α1 + α2 = 0, β1 + β2 = 1,
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F (x1, x2) = (x2 − x1)µ({2}) + x1.
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F (x1, x2) = (x1 − x2)µ({1}) + x2.
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x ∈ {x1 + x2 ≥ 1}
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F (x1, x2) = (α1x1 +α2x2)F (0, 1)+(β1x1 +β2x2)F (1, 0)+(γ1x1 +γ2x2)F (1, 1).
¥a} <~RT}< x = (1, 0) PL x = (0, 1) ´T} R×}]LP>~~RhSŁPQP}< γ1 = γ2 = 0
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UP~ﬂ~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PQF¢fUP~ﬂL(ŁŁP~(}]fRT}(~ÄRhkD~TQQPL~µf(S~S~N(fŁNU# SV}<PŁ:TUR%SV(}
¹ºTŁQP}<ﬁf}fP]R%È}]P A1 ⊂ A2 ⊂ · · · ⊂ An
]L(Q1QPT P>~cﬁUPRT~´:T]ŁﬁUVPk>L(f]Rh«(P
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¥a}¯«(}fŁRTUVS~RT}<P.ŁRhS~(}f}fPQP}(:TfŁ n ¡<fPUT}]¡<fP(t(}	:PfGQT}<ŁPŁ¡<fP
U# f}]S¡<fP*~(UVkSV(}DRI°TPﬁfP~a:TUØT­>kŁP~aT}<P}]Rh}<NUP£QTS}]~NfPH~TQQPL~a<~~SV¢]UVP£P>~c
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 q = n! Þ

]RT¡<fP*(UVØ(­kŁPP~£kL ]}]SX]RhŁﬁ]}fPPŁQGkRhST} σ ~fŁ N Â
Aσ = {x ∈ [0, 1]
n | xσ(1) ≤ xσ(2) ≤ · · · ≤ xσ(n)};
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]RT¡<fP Aσ
LT}<SVP}( n ~(QQ1P~kfU]~´UVP~TQQPLﬁ(ŁS«TS}fP (0, 0, . . . , 0) Þ
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(fŁ x ∈ Aσ
kUR1¹º(ŁQGfUPX S}<PŁ:TUR%ST}xP~
F (x) =
n∑
i=1
[xσ(i) − xσ(i−1)]µ({σ(i), . . . , σ(n)}).
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Cµ(f) :=
n∑
i=1
[f(σ(i)) − f(σ(i− 1))]µ({σ(i), . . . , σ(n)}),
%%¿À σ k:¿µË]¿ÌﬃÎGk»%#%¼ﬃkÌ N »¿LÉ¿ a]¿ f(σ(1)) ≤ · · · ≤ f(σ(n)) ;
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§zUR~TQQP(}]kŁP
∑n
i=1 µ({i})xi

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 RhkŁP]RTŁ>XT}¨R:TfŁTk x ∈ Rn+
PL
(kPÇRhRTLSV µ  mini xi ≤ Cµ(x) ≤ maxi xi
ﬂUVP>~.¢:TŁ}fP~.LRT}<7R%PS}<P~7]RhŁ
UP~RT]RTS¬~ µmin, µmax
XkL ]}]SVP>~]RhŁ µmin(A) := 0
 ∀A 6= n PL µmax(A) := 1

∀A 6= ∅ 
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,fPBLPUVUPBkP,U# T¢k¦cP (1A,0Ac)
ÊºQkk­UVPBfS¬Ç¼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x ∈ Rn Â
Cˇµ(x) := Cµ(x
+)− Cµ(x
−) Ê~Ø<QŁS¡<fPIÏ Ê
ß
(Ï
Cµ(x) := Cµ(x
+)− Cµ(x
−) ÊRT~Ø_QLŁS¡(]P>Ï Ê
ß 
Ï
RI°TP> x+i := xi ∨ 0
PL x−i = (−xi)
+  i = 1, . . . , n 
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PŁx]}fP¯¡(]PULT}¡(]PÇ~Ø<QŁSVPÇP}<ŁPÇUP~
]RTŁSVP>~N:(~S¬SV°(PHPµ}]«(RhS°TP(<(}.:Pk£R%¦c(kPŁµ§GU# P}]~PQF¢fUPkP~µT¢f¦cPL~µ¢fS}]RTSVŁP~ B 
U# P}]~PQF¢fUPkP~GT½¾¿L9¼F½LÉK%ÉÌ¿L¼: <%# Á¼ N Â
N := {(−1A,0Ac) | A ⊂ N}.
 H}¨LT}~cŁfSVRhS}]~SÄkPkÇRh]R(LSV~ µ+, µ− X~(S¬kPkBQkk­UP~f}]SV:TURhSŁP>~k(}<
T}z°%RD~SQfUPQP}<£RTffS¬SV(}f}fPŁﬁUP~~TŁP~µ«TUT¢]RTk,Â
Cµ+,µ−(x) := Cµ+(x
+)− Cµ−(x
−), ∀x ∈ Rn. Ê
ß
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¥a}ÓkS~SV(} fRh}~FUP7ŁS~¡<fPTLPxQ_f­UPxL(ŁŁP~:T}]¨Rh×Q1kk­UVPzkP~G:PŁ~:PLS°TP~
L]QFfUP>~£Ê#¤ﬂfQGfUR%S°TPﬁ²NŁ<~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TfŁ*LPPGŁRTS~T}tfT}U# RTf:PUUVPŁRÎD
Ù
V¿ t:²(fŁ n = 2 ]SUP>~cHSVUUV~cŁ1~fŁHUR

OSV«(fŁP zÊ¢Ïﬃ
¥a}k }X%~S<T}G}fPN°(Pk]RT~t¹RhSŁPﬂ _Ø<:hf­~PﬂX S}]kP}]fRh}LP´kP~]RhŁSP~:(~S¬SV°(P
PL*}f«<R%SV°(PFkPFU# fPUVUPTSVUO¹Rhf*L(}]~SkŁPŁL(QQ1PGT¢k¦cP~£ ﬃS¬¹~*~]ffUQP}<RTSVŁP~
LPkG¡<fS]TQ:TŁP}<Ä§*URH¹ºTS~akP>~}fS°TPRTkF~R%S~¹RhS~RT}(~
1
PLa}f(}1~R%S~¹RhS~RT}<~ −1 
 H}zP~kT}]T}]k]S¬§L(}]~SkŁPŁ´U9 P}]~PQG¢fUPfP~F(½º¾¿¼

ÀL# Á¼Å¿Ìﬃ:hÉÌ¿ﬃ¼DÂ
T := {(1A,−1B ,0(A∪B)c) | A, B ⊂ N, A ∩ B = ∅}.
Ê
ß
(Ï
¤ﬂPSP>~cµSVUU]~cŁH~fŁµUR 
OSV«(fŁP .Ê>ÏafRT}]~ﬂUVPRT~ n = 2 <¥a}7Rh]fUVS¡<]Rh}<µURQfkkP
,Æ¤
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¥ ) ~fŁ T k(}zT}]~ŁfSV´]}fPfPUVUP S}<PŁ°%RhUUP v : Q(N) −→ R kP}z}]h±
RT}< Q(N) := {(A, B) ∈ P(N)×P(N) | A∩B = ∅} _¤ﬂTQQP£fŁL>kPQQP}<>TT}
:(~P v(N, ∅) = 1 PL v(∅, ∅) = 0 hffS~¡<fP£P£~(}<aUVP>~a~TŁP~«(UV(¢]RhkFX (¢k¦cPL~a~RhS~c±
¹RhS~Rh}<~ﬂ]RhŁ(k´PL´}fPkŁP>~µ]RhŁ(kﬂŁP~P>ﬃSV°(PQP}<
|
PHQ³Q1P(_T}7:PfﬁT}_°TP}fSŁ
¡<fP v(∅, N) = −1 O¥N}k ]}XﬂURÇ}fhSV(}ÓfP,kTQS}]Rh}]Pz~ RhffUS¡(]PTQQPfRh}]~UR

P>ﬃST}

 kfP¡(]SXLT}kfSV§GSQ<~PŁ´f}fPfŁTfŁSL S~hT}fSPkP v fRT}]~µUVP~P}]~
~fSV°%RT}(£Â A ⊂ B SQfUVS¡<fP v(A, ·) ≤ v(B, ·) P v(·, A) ≥ v(·, B) (²RTŁaRh}]RTUV(«TSPﬁRI°TP
URG}]hST}kPRh]R(LSVTk(}zRTf:PUUVP7½ ÀË]TÀÉÅFf}fPPUUVP¹º(}]ﬃSV(} 

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K¿z¢fSV±ÅRh]R(LSVÇ¼kÌ N ¿L¼ﬃ*kK¿*ÁL%:À#% v : Q(N) −→ R %LÌﬃ 

h] 

  A ⊂ B ⇒ v(A, ·) ≤ v(B, ·) ¿L v(·, A) ≥ v(·, B) 

É  v(N, ∅) = 1 	 v(∅, ∅) = 0 	 v(∅, N) = −1 ;

K¿D½L ÀËf(ÀLÉ»x¿L¼ﬃ
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¿ ÀË]TÀÉÅL¼ µ+, µ− 
v(A, B) = µ+(A) − µ−(B), ∀(A, B) ∈ Q(N).

7½ ÀËf(ÀLÉ»¿ﬃ¼ﬃ
Ù
É»¿1~Ø_QLŁS¡<fPD¼ﬃN¿L¨%k#Ì¿ µ+ = µ− ;
Æ£S}]~S v RhŁS¢ffPN§´]R(¡<fPÄT¢k¦cPPŁ}]RTSVŁPf}~LTŁP«TUT¢]RTU%]RhŁ v(A, B) = F (1A,−1B)

1 (1A,−1B)
k>~S«T}fPµUPﬂ°(PﬃPfŁO°%RhURh}<
ß
:TfŁ i ∈ A  −1 :TfŁ i ∈ B IP HRhSUVUP]Ł~
¤ﬂPSP>~cL(}k¹ºTŁQPF§DUR.°_S~ST}¢fS(URTSVŁPGfPFU# Rh©:P>ﬃPUVUPG¡<X PUUPGR.GSV}fSVSPG]RhŁ
 *~«T_kÇ¿´À% ;> ﬂ/= µÊº°T(SVŁ
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PﬃSV(}
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ŁP¿µÀh<;  
 = XT}<£fŁT:(~H]}fP}fhSV(}
kP7ÀË]TÀÉ»D½L Ë]%VhÉÌ¿ ζ : Q(N) −→ [0, 1]× [0, 1] f1§D]RT¡<fPUVQ1P}< (A, B) kP
Q(N) T}¨RT~~kLSPGfPkÇ~L(ŁP>~ ζ+(A, B) P ζ−(A, B) tU9 f}¨LT}LPŁ}]RT}(*URz]RTŁSVP
:(~S¬SV°(P*k~LTŁPT_U# RTkŁP*URG]RhŁSP}f«<R%SV°(PHk~TŁPTk¡<fSK°TŁSV ]P}<´UVP>~´fŁTfŁSV>~
~fSV°%RT}(P~Â

~S A ⊂ A′ PL B ⊃ B′ RhUTŁ~ ζ+(A, B) ≤ ζ+(A′, B′) PL ζ−(A, B) ≥
ζ−(A′, B′) Þ
 ζ−(A, ∅) = 0  ζ+(∅, A) = 0  ∀A ⊂ N Þ
 ζ(N, ∅) = (1, 0) PL ζ(∅, N) = (0, 1) 
¤ﬂPLPH}fhSV(}7L(ŁŁP~(}]§UR°_S~SV(}k] Ë]%VhÉÌ¿
Ù
%]½V¿kPHU9 R%©KPL(PUUPH¡<X PUUVP£P>~c
k¹ºP}]k]P]RhŁ¤µRTSV(f,¿£Àh<;   Å]1U# (}Pk*RI°(TSŁﬁL_PLkS~cP}]PFkPF~P}<SQP}<~
:(~S¬S¬¹~ﬁP£}f«<R%S¬¹~
¤ﬂT}~SkŁT}~NfRT}]~N]}7fŁPQSPŁﬂPQ]~´UP~ﬂ¢fSV±ÅRh]R(LSV>~ﬂTQQPHk(}f}fPkP*¢]RT~PT
PL*P}<T}~*fPT}]~ŁfSŁPGUR.¹ºT}]LST} F  Rh«(Ł«(R%SV(}X]°_fPL(QQ1PGf}fPPL_P}]~SV(}
kP v ~fŁ [−1, 1]n (]fS~´~fŁ Rn ]¤ﬂ(Q1QPH(fŁﬂUPHRT~ﬂkP~ﬂfPUVUP~ﬂf}fS:TURhSŁP>~(}fT]~
RhUUT}]~HfPŁfPŁﬁ]}fPG~TUkST},~T~ﬁ¹ºTŁQPF SV}<PŁ(URhST}UR7fU]~~SVQfUPF:(~~SV¢fUPT
QDRhS~FPLP.¹º(S~±ÅS9tUVP>~F:TS}<~F§BLT}~SkŁPŁ:T]ŁFU# S}<PŁ:TUR%ST}¯}]P7~(}<FfU]~FUP~
 
(−1,1) (1,1)
(1,−1)(−1,−1)
x
|x|
x
x
|x  |
1
2
2
(0,−1)
 
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Ý»}<PŁ:TUR%SV(}xUS}fRTSVŁP*]Rh}]~´UPR(~´¢fSV:TURhSŁPÊ n = 2 Ï
~TQQPL~kP´U# _Ø_:PŁLf¢:P [−1, 1]n IQRTS~OT]~OUP~:TS}<~L(ŁŁP~(}]fRT}(~RTkT¢f¦cPL~
PŁ}RhSŁP>~kh P~±»§%±»kSŁP*UP~´:TS}(~ x PU~¡(]P xi = −1, 0
T
ß
 i = 1 . . . , n 
¥ÄfRhQS}fT}~£Tk Rh¢:TŁUVPR(~ n = 2 Êº°(TSŁ 
OS«]

ÏL:²NŁP}fT}]~Hf}Ç(SV}< x PU
¡<fP x1 ≥ 0
 x2 ≤ 0
P |x1| ≤ |x2|
ÆUV(Ł~t:T]ŁUVP7(SV}< |x| O¡<fSµ~Px~SVfPxfRh}]~
UPF¡<]RTkŁRh}<ﬁ:(~S¬S¬¹c}fT]~LT}]}]RhS~~T}~µfc¦§DURQPSUVUPfŁPS}(PŁ(URhST}USV}f>RhSŁPP}
Rh]fUVS¡<]Rh}<UPDŁ>~]U¬R%kP.UR

PLST} 
]
ß
Âth P~U# S}<«(ŁRTUVPDkPx¤ﬂ]_¡<fPÝ»UN~fÕ1
QDRhS}<P}Rh}<ﬂ]RTŁNf}]P*~Ø_Q1ŁSVPHRTk>¡(R%P*kPQPŁPUP~ﬂ¢:T}]~´~TQQPL~ﬂ SV}<PŁ:TUR%±
ST}¨Â
F (x1, x2) := |x1|F (1,−1) + (|x2| − |x1|)F (0,−1)
¤ﬂPLPPLkfŁP~~SV(}.P~ﬁf}fPSV}<«TŁRhUPHfP¤ﬂ]_¡<fPµRhŁ´ŁRTf:TŁ´§Gf}fP*¹ºT}ﬃST}z P}k±
~PQF¢]UVP ν1
k ]}fSP]RhŁÂ
ν1({1, 2}) = F (1,−1)
ν1({2}) = F (0,−1).
¤ﬂT}~SkŁT}~QDRhS}(P}]RT}<GUPxR(~«(}fŁRTU9
|
 ]}fS~~T}]~ N+ = {i ∈ N | xi ≥ 0}

N− = N \N+ fÆ°TP*kP>~ﬁLT}~SkŁR%SV(}]~µkP*~Ø_QLŁSPRT}]RhUT«(fP~<}fT]~µ(¢kP}fT}]~*Â
F (x) =|xσ(1)|F (1N+ ,−1N−)+
n∑
i=2
(|xσ(i)| − |xσ(i−1)|)F (1{σ(i),...,σ(n)}∩N+ ,−1{σ(i),...,σ(n)}∩N−)
1 σ P>~cOf}fPa:PŁQFfR%SV(}~]Ł N PUUVPN¡<fP |xσ(1)| ≤ · · · ≤ |xσ(n)|
h¤ﬂPLPNPkfŁP>~~ST}
P~U# SV}<«TŁRhUPNkPﬁ¤ﬂfk¡(]PLOfP |x| ]RhŁŁRTf:TŁ§£UR´¹ºT}ﬃST}G P}]~PQF¢]UVP νN+
kL }fSVP
]RTŁÂ
νN+(A) := F (1A∩N+ ,−1A∩N−).
¥a}~P~(f°TP}]Rh}<ﬁ¡(]P F (1A,−1B) =: v(A, B)
T}zT¢kSVP}<£URk ]}fSVST}~]SV°%Rh}<PT
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hÉ v k:¿½ ÀË]TÀÉÅF¼ﬃkÌ N 	 ¿ x ∈ Rn ;
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Ù
¿ x Ë]%ÌFÌË(ËfhÌﬃ   v ¿L¼ﬃ
Ù


]¿ﬁËfhÌ
Cv(x) := Cν
N+
(|x|), Ê
ß
=(Ï
%%¿À N+ := {i ∈ N | ai ≥ 0} 	 N− := N \N+ 	
¿L νN+(A) := v(A∩N
+, A∩N−) ;

ß
Ý»UOP~H§D}fTPŁ*¡<fP νN+
}X P~HRT~£P},«T}fŁRhUtf}fPFRh]R(LSVT:RTŁ:Tf°%Rh}<³ŁPF}f(}
QT}fT(}fPTzfŁP}]kŁPkP~´°%RhUP]Ł~´}f«(RhS°TP~

S v P~Dk×cØ_:P¤ﬂ²  RI°TP> v(A, B) = µ+(A) − µ−(B) aRTUV(Ł~GT}ÃŁPŁTf°(P
UP.Q_f­UPx¤ﬂ²  Cµ+,µ−
ÊPLFRhŁFT}]~¡<fP}((}¨ŁPŁTf°(P1U# SV}<«TŁRhUP.kPx¤ﬂfk¡<fPL
~Ø<QŁS¡<fP¡<]Rh} v P>~c~Ø_QLŁS¡(]P>Ïﬃ¤ﬂP>LSX~f«T«(­ŁP*fPkzŁPQRTŁ¡<fP>~*Â
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Ôa SV}<«TŁRhUPkP.¤ﬂfk¡(]PLH:T]ŁHUP~H¢fSV±ÅRh]R(LSV~*L(}]~SVfPG¢fSVP}Bf}]PF«T}fŁRhUSV±
~RhST}xfP~ﬁQkk­UP~ﬁ~Ø_QLŁS¡(]P*P*¤ﬂ² 	Þ

ÔXP~*Qkk­UP~~Ø_Q1ŁS¡<fP1PLG¤ﬂ²  ~(}<kP>~RT~*]RTŁSfUSVPŁ~* SV}<PŁ:TUR%SV(}
UVS}fRTSVŁP*P}<ŁPUVP>~ﬁ(SV}<~ >PŁ}]RTSVŁP~ x ÊRI°TP> xi = −1, 0, 1
ÏL
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A+i := {σ(j), j ∈ {i, . . . , n} | xσ(j) ≥ 0}
A−i := {σ(j), j ∈ {i, . . . , n} | xσ(j) ≤ 0},
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C+ζ (x) :=
∑
i∈N
(
x+
σ(i) − x
+
σ(i−1)
)
ζ+(A+i , A
−
i )
C−ζ (x) :=
∑
i∈N
(
x−
σ(i) − x
−
σ(i−1)
)
ζ−(A+i , A
−
i ),
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Cζ(x) := C
+
ζ (x) − C
−
ζ (x), ∀x ∈ R
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Ff}¨:TUØT­>kŁP
L(}_°TPLkP((PµSUSVQ:TŁPkP*UVP*Ł>kfSŁP*UPHfU]~µ:(~~S¢fUPT_ffS~´kPfTS~SŁµf}fP~(UVkSV(}
]RTŁSfUVS­ŁPB§¯U# SV}<ŁSP]ŁµÆﬁ ]}!fP,UVPÇŁ>kfSŁP(N(}ÚPkzRh¦cTkPŁxfP~7T}<ŁRhS}<P>~
PLkfŁSQRT}<´¡<fPU# (}xk>~SŁP*f}LPŁRhS}.cØ_PkPRh]R(LSVÊRT]RTS¬ k ±ÅR(fkS¬SV°(PT_°T(SVŁ

P>ﬃST}GﬂhÏLÄTÃPŁRTSV}]~1L(Q(ŁPQP}<~1kPUR,¹º(}]ﬃSV(}Ã Rh«(Ł«(R%SV(} kP~~L(ŁP>~
ÊºSQ(ŁRh}]P~kP>~ÄLŁS¬­ŁP~>S}<PŁR(ﬃST}xÂ%°T(SVŁ«<RhUPQP}<UR

P>ﬃSV(}!ﬂhÏL%²TfŁaf(S~SŁ
f}fP~TUkST}X ,RTŁS]RhUPL >ﬁT]¢P}]~  =

fŁ(<~P}<µkP*QDR%kSVQS~PŁNU# >RTŁµP}<ŁPHUP~
~LTŁP~N«TUT¢]RTk.RTUfUV>~NRhŁµUVP*Q_f­UPT_(fŁµUVP>~ﬂ(¢k¦cPL~ﬂfP O k¥a}7P©:Pf~SU# PkPŁ
P~SQPﬁ¡(]P x  x′ hh P~a¡<fP x P>~c´¼ﬃ T]

Àh9É%¿LÎD¿]OQ1PSVUUPfŁÄ¡<fP x′ %PLak(}]ﬂUVPfŁ~
~LTŁP~t«TUT¢]RTkkTS°TP}<ŁPLÒ]PŁÄPLPµfS¬©KŁP}]Pµ~P}~S¢fUPTT¤ﬂPS(:Pka~ PkfŁSQPŁO]RhŁ
UPfŁ(«TŁRhQQPUSV}]RhSŁP~fS°%Rh}<Â
BR%kSVQS~PŁ 

(]~´UP~£T}<ŁRhS}<P~
 ≥ 0
Cµ(u1(x1), . . . , un(xn)) ≥ Cµ(u1(x′1), . . . , un(x
′
n)) + , ∀x, x
′, x  x′
µ(A) ≤ µ(B), ∀A, B ⊂ N, A ⊂ B,
P}× ffRh}< µ(∅) = 0, µ(N) = 1   H}×:Pf1Ł(f°TPŁGfRT}]~8 
  ﬁf}fPkP>~ŁSkST}ÃkP
LPPQL]_fPTRTSV}~SO¡(t f}PkPQfUPŁRhSV]RTŁLPPFRhf]ŁkfP(kPLHTQ]RhŁRI°TP>
U# RTffŁ_]P*kŁSV­ŁP PŁŁPfŁ>
TkNP¡<fPﬁ}fT~aRI°T(}]~PLk:(~£LSV±ÅkP>~~]~ÄT}]PŁ}fPﬁU9 S}(«(ŁRTUVPﬁkP*¤ﬂ]_¡<fPa]RhŁ
ŁRhf:TŁH§Df}]PGRT]RTS¬T  H},Pk«T}]ŁRhUS~PŁ£~Rh}]~PSV}]PGRhfQkk­UVP>~£¢fS(URTSVŁP~
Êº¢]S¬±»RT]RTS¬~kPLT ÏL
 5C B  KYR]VJLU[NHKYM
¥a}ÇfŁPQSVPŁHUSVPXŁPQDRhŁ¡<fT}]~H¡<fPFUP~~>LSV LSV>~*fÇR(~*TŁkSV}RhUOŁP}]kP}<R%±
k]¡<fP>~OUVP>~RTffŁ_]P~OkcØ_:PµŁSV­ŁPµ PŁŁP]Ł>RhŁOUR£}fTST}GfPµkSV©KŁP}]PTIPLÄkT}
1 
Rh~~SPUUVP1 PŁŁP]Ł£TBfPGkS~cRh}]PT}X P>~c*]RT~*k ]}fSPGkPF¹RT®L(},RTk>¡<]R%PF~]Łf}fP
]PUUVPHTŁkSV}RhUPT(~Rh}~N]RTŁUPŁµkP*URF}fhSV(}7kPHRhŁŁH PŁŁP]ŁNTx PŁŁP]ŁNQ%ØTP}f}fPT
³Q1P*~SU9 T}x~PHfUR(LP]Rh}]~ﬂUVP*R(~a1 L P~ﬂU# S}<PŁ°%RhUUP [0, 1] (PH¡<fS:PŁQPµkP
k ]}fSŁ£U9 PŁŁPfŁﬁ¡<]RTfŁRhS¡(]PHQ%ØTP}f}fP(kUVPfŁT¢]UV­Q1PkPQS}fSQ1S~R%ST}zT¢fP}_RI°TP>
U# S}<«(ŁRTUVP£fP

f«(P}fP>~cµkS¬Õ.SVUP§Ł~T]fŁP(hRhŁN¹RhS~RT}<aSV}<PŁ°(P}fSŁaUP~NT:ŁR%ST}~
∨,∧, 6, 7 :}fT}ÇUVS}fRTSVŁP~HPL}f(}BkŁS°IRT¢fUP~
|
Rh}]~PGR(~:SUO}]PGŁP~P1¡(]PGUP~*QL±
]_fP~ÄkSVP>~Q1Rh±#fPfŁS~S¡<fP~µÊRTUV«(TŁS¬fQP~«T}]LS¡<fP~%ŁPL]S¬Ä~SQF]UV(%PLT Ï:TfŁ
Ł~T]kŁPUPFfŁT¢]UV­Q1P(Ý»UOØR7¡<fPU¡<fP>~£ŁRI°%RhffRT}]~*LPLP1kSVŁPLST}X:¢fSP}	¡(]PFUR
fUf]RTŁ£~TSP}<£RhffUS¡(]~´P}z¹RTS¬§1U# S}<«(ŁRTUVPkPG¤ﬂfk¡<fP7  ﬃkL k   Å
¥a}	ŁP°%Rh}]fP(UPDR(kŁPGTŁkS}]RhUOP~Tf±»§%±#¹RhSVTQ]R%SV¢]UVPRI°TP>UP~Rhf]ŁkfP>~
k7cØ<:PŁPfŁ~P}<RhST}.kP>~ﬂ]Ł¹ºŁP}]P~	}fPLkP*fLRTSVUUPkP*PLPRhf]ŁkfP*R
L¹RhSVP]RTŁ >ﬁS,¿L´Àh<;]Rh}]~´UPRT~´xUPQkk­UPP~£U9 SV}<«TŁRhUPkP

f«TP}f]RhŁ
ŁRhf:TŁ£§G]}fPRhRTLSV! ﬃ
ß
Å

T]~´P}fT}f}f(}]~´¢fŁSV­°TPQ1P}<´UP~´Ł~fUVRh~
 H}Ú~]f<~P,¡<fPUP~.¹ºT}]LST}]~7 fSUVSVB~T}<7T}]~ŁfSVP~aP7fŁP}f}fP}<.UVPfŁ~
°%RhUPfŁ~afRT}]~Äf}]PﬁfPUVUP L f}fS(URTSVŁPaÞTRTSV}~Sf(}PkﬂL(}]~SkŁPŁa¡<fPﬁUR]Ł¹ºŁP}]P
 kP.U# PkPŁFP>~cGPLkfŁSVQP.fSVŁPLPQP}(1~fŁ Ln Æf:PUT}]~ A ⊂ Ln U9 P}]~PQG¢fUP
L(ŁŁP~:T}]fRT}<µ§ O 
|
S~S}f«Tf(}]~ﬁkPfx}fS°TP>Rhk7kPŁP]Ł>~P}(R%SV(}X

URÌ¿»Ë:Ìﬃ¼¿]»%#%ÁL%Ìﬃ»¿L1URDRhRTLSV µ k(S¬H³LŁPPUVUPF¡<fP Sµ(a) ≥ Sµ(b)
~SP~PfUVPQP}<£~S a  b Þ

UR7Ì¿ÅËKÌL¼L¿]»%#%ÁLh½L¿Lf.U# (}7PQ:³fP*~SQfUPQP}<´f}fP*SV}_°TPŁ~ST}Â a  b
SVQfUS¡<fP Sµ(a) ≥ Sµ(b)

 H}D:PkµP}]~PŁﬂR]ŁSTŁS]¡<fPURŁPfŁ~P}<R%ST}G¹RhS¢fUPHT}_°_SVP}(aQSPk.§U# SV}<«TŁRhUP
kP

]«TP}]fP*RhŁ£~P~´fŁTfŁSL>~Ê~]RTŁRT¢fSVUSV*¹RhS¢fUPkSVŁPLST}f}]PUUVPIÏﬃ

f]<~(}]~H¡<fPUP~*T¢f¦cPL~fRT}]~ A f]S~~P}<*³ŁPGŁP«(Ł(f>~£P} p LURT~~P>~HX S}k±
kSV©:ŁP}]LP [a1], . . . , [ap] ]RhŁ ∼ NUR RhŁSPÇ~Ø<QŁS¡<fPBkP  ﬂP}}_fQŁhRh}<xkP
¹RT®T} §,P7¡<fP a1 ≺ · · · ≺ ap OÔtP.fŁT¢fU­QP7kP7URŁP]Ł>~P}(R%SV(}Ç¹º(ŁP.ŁP°_SVP}<
§	ŁT]°TPŁ p °%RTUVPfŁ~ α1 < α2 < · · · < αp
]Rh}]~ L ÄPUVUP~x¡<X SU£P_S~P,f}]P,R%±
]R(LSV µ °TŁSV RT}( Sµ(a) = αi
ﬁ:TfŁz(k a ∈ [ai]  i = 1, . . . , p ﬁ¥a} LP¨¡<fS
L(}]LPŁ}]PaUVPµfŁT¢fU­QPNfPﬂUR£ŁPfŁ~P}<R%ST}*¹RTSV¢fUPTISU<~kÕÄkPNŁ(f°TPŁ p−1 }f(QF¢fŁP~
0 =: α0 ≤ α1 ≤ α2 ≤ · · · ≤ αp := 1
fRT}]~ L PU~£¡<X SUXPLkS~cPf}fPRT]RTS¬ µ °(ŁS¬±
 RT}( αi−1 ≤ Sµ(a) ≤ αi
k(fŁ´(k a ∈ [ai]  i = 1, . . . , p 
¥a}Ç}fhRh}<HL(QQ1PGfŁkQ1QP}( σ f}]PF:PŁQFkR%ST}Ç~fŁ N ¡<fSOŁ>RhŁŁRT}f«TPUP~
~LTŁP~1]RTŁTŁkŁPLŁTS~~RT}(>U# P}]~PQG¢fUVPkP>~DRT]RTS¬~GPUVUP~.¡<fP Sµ(a) = α
P~
}f(}°<SkPF~S aσ(n) < α
( aσ(1) > α
:PLP>~c*U9 SV}<PŁ°IRTUVUP [µˇa,α, µˆa,α] :1(fŁ£Tk
A 6= ∅, N
µˆa,α(A) :=
{
α ~S A ⊂ A(i>a,α)
1l ~S}fT}
µˇa,α (A) :=
{
α ~S A(i≥a,α) ⊂ A
O
~S}fT}
RI°TP> i≥a,α ∈ N
PUa¡(]P a(i≥a,α−1) < α ≤ a(i≥a,α)
PL i>a,α ∈ N
PUa¡(]P a(i>a,α−1) ≤
α < a(i>a,α)
]Ôa P}~PQF¢fUPkP~£~TUkSV(}]~´(fŁ£UR1ŁPfŁ>~P}<R%SV(}.¹º(ŁP*P>~cRTUV(Ł~µU# S}k±
PŁ~PLST}kP*(]~£LP>~´SV}<PŁ°IRTUVUP~k:TfŁ´Tk αi

Ôa P}~PQF¢fUPkP~HRhRTLSV>~ﬁ~(UVfST}]~£fz]Ł(¢fUV­QPkPŁPfŁ~P}<RhST}x¹RhS¢fUVPP>~c
°_SfP*~SKPLﬁ~PfUVPQP}<´~ SVU:PLkS~cP i PU¡<fP a(1) > αi
:T]Łﬂf}LPŁRhS} a ∈ [ai] T7~ SVU
PLkS~cP i PUÄ¡<fP b(n) < αi
:TfŁ*f}¨LPŁRhS} b ∈ [ai+1] KPL~SV}f(},P~f}BS}<PŁ°%RhUUP


[µˇ, µˆ] RI°TP
µˇ (A) =
p−1∨
i=1
∨
a∈[ai+1]
µˇa,αi (A) , µˆ (A) =
p−1∧
i=1
∧
a∈[ai]
µˆa,αi (A) .
£}]PµRTkŁPµRTffŁkfPﬂR*Lﬂ]Ł(<~PN]RTŁ >£Tf¢:P}]~5 ﬃ
]2=1
Å%¢]RT~P´~]ŁOU# SV}<«TŁRhUP
kP,¤ﬂfk¡<fPL>  H}×~]f<~P¡<fP~fŁD]R(¡<fPxRhŁS¢fk Xi
UVP~%¦cPLDP~DRhRh¢fUPxkP
L(Q]RhŁPŁUP~1(¢k¦cPL~7ÊºŁPUR%SV(} i
ÏL²O(fŁkP~GT¢k¦cP~ x, y OT} :(~P Ri(x, y) = 1
~S xi i yi
PL B~SV}f(}X
|
 RhfŁP7]RTŁ>UPz~%¦cP1P>~cRhRh¢fUPxkPzŁRh}f«(PŁFfRT}]~kP~
Rh«TTŁSP~Ä(Łk(}f}fP~ C1, . . . , Cm
UVP>~ﬂfS¬©KŁP}<~NT¢k¦cP~µkP O _fL ]}fS~~RT}(µRhS}]~Sf}fP
]RTŁS¬SV(}zkP O P} O1, . . . , Om
k²TfŁ i < j fUVP~%¦cPL£P>~cSVQP¡<fP x ∈ Oi
P>~c£Q(SV}]~
¢:T} ÊRT,~P}]~£~ŁSLÏﬁ¡<fP y ∈ Oj
  H},fL ]}fSVHUP¼À%Ì¿1ÎD%Ì TÉ:htK¿L£kP x ∈ O ~fŁ
U# RhŁS¢fk i ]RTŁÂ
Si(x) :=
∑
y∈O
[Ri(x, y)−Ri(y, x)].
 H}	PkQT}<ŁPŁ¹R(LSUVPQ1P}<¡<fP Si
P>~c]}fPŁPfŁ>~P}<R%SV(}ÃÊQ1P>~]ŁRT«TP1TŁkSV}RhUÉÏ
kP i
NRhÚ~P}]~.1 xi i yi ⇔ Si(x) ≥ Si(y)
ﬂÔtP~¹º(}]ﬃSV(}]~ S1, . . . , Sn
~(}<
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A <UP~TŁPﬁ«TUT¢]RTU]kPHU9 T¢k¦cP (1A∪i,0−(A∪i))
P~ﬂ~SV«(}fSV RhS°TPQP}(ﬂfUV~a«TŁRh}1¡<fP
LPUV]SXkP (1A,0−A)
f²ÄRhŁﬁL(}]~¡<fP}<>(U# S}]kSLPX SQ(ŁRh}]PHP>~c£k ]}fSXL(QQ1P*f}fP
°%RhUPfŁtQ1%Ø(P}f}]P ∆i
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SUkP~~TfRhSVRh¢]UVP´¡<fP´UR*~(QQ1P´kP>~S}]kSLP>~Ä~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φµ(i) :=
∑
K⊂N\i
(n− k − 1)!k!
n!
[
µ(K ∪ i)− µ(K)
]
Ê 1(Ï
RI°TP> k := |K| ÊºT}·TQPLŁRÓUVP¯~fŁ±ÅS}]kSLP µ ~ SU}X Ø!R×RT~RhQG¢fS«T 9IÏﬃ H} R∑n
i=1 φ(i) = µ(N) = 1
kP~S µ P~£RTffS¬S¬¹c:RhUTŁ~ φ(i) = µ({i}) 
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°TPk*fSVŁPG¡<fPGU9 SV}kPLB SQ1:TŁRT}]LP1kTSVH³ŁPFf}]PGQ%ØTP}f}fPFfP~*¡(Rh}<SV>~ v(A ∪
i, B) − v(A, B) PL v(A, B) − v(A, B ∪ i) ~fŁT]~.UVP>~ (A, B) ∈ Q(N \ i) a¥N}
~TQQDRh}<´P~ﬁkPk7P_]ŁP>~~SV(}]~ﬂT}zT¢kSVP}( v(A ∪ i, B)− v(A, B ∪ i) k1zUPHPŁQP
1 i Rf}fP°%RTUVPfŁﬂ}]PkŁP*RFkS~RhŁX
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φv(i) =
∑
K⊂N\{i}
(n− k − 1)!k!
n!
[v(K ∪ {i} , N \ (K ∪ {i}))− v(K, N \K)] .
Ê 

Ï
¤ﬂPLPﬂPLkfŁP~~ST}P~tŁ­>~t~PQG¢fURT¢fUPN§PUUVPa(ŁS«TS}]RTUVPakP

]RTfUVPØDÊ 1(Ïﬃ>ÔtRﬁfŁT]ŁSL
kPµ}fTŁQDRhUS~R%SV(}F~ >LŁS¬
∑n
i=1 φ(i) = v(N, ∅)−v(∅, N) = 2


S v P~ÄkFcØ_:Pﬁ¤ﬂ² 
RI°TP> v(A, B) := µ+(A)− µ−(B) kfP} φv(i) = φµ
+
(i) + φµ
−
(i) 
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¥N~~RIØ(T}]~ﬂkPkT}f}]PŁµf}fPkL }fS¬SV(}7fŁS~PHfPHU# S}<PŁR(ﬃST}tf¤ﬂ(}]~SkŁ(}]~ÄTk
 Rh¢:TŁ7UPR(~ n = 2 P£UVP>~5
T¢k¦cP~£~fS°IRT}<~Êº°(TSŁ 
S«]L
<ÏHÂ
 x = (01,02)
 y = (11,02)
 z = (01,12)
 t = (11,12)
(a) (b) (c)
critere 1
x
z t
y
0 1
0
1
1 1
2
2
critere 1
critere 2
x
z t
0 1
0
1
1 1
2
2
critere 1
critere 2
x
z t
y
0 1
0
1
1 1
2
2
y
critere 2
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7ﬁ6ﬃﬀﬃ7ﬁ#%' )  ﬃ. $&)  
T},:(~P µ({1}) = µ({2}) = 0 KLPG¡<fSOŁP°_SVP}<HRhkfŁL±
¹ºŁP}]P~ x ∼ y ∼ z ÊÉ ]«(fŁP 
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T}Ú:(~P µ({1}) = µ({2}) = 1 ﬂLPÇ¡(]S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fŁ¹ºŁP}]P~ y ∼ z ∼ t ÊÉ ]«(fŁP!
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SQP.¡(]PDUR
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SV]RhST},~Rh}]~£SV}<PŁR(ﬃSV(}xP>~c£PUUVPG¡(]PURD~R%S~¹RTLST}kPF]R(¡<fPLŁS¬­ŁP
Rh](ŁP~R1fŁTfŁP*T}<ŁS¢fkST}§1UR~R%S~¹RTLST}z«TUT¢]RTUVP(_P¡<fSX~PŁR(kfSVﬁ]RhŁÂ
µ({1, 2}) = µ({1}) + µ({2}) Ê 
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OT}ÓR µ({1, 2}) > µ({1}) +
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PfP°_ŁRTS¬´³LŁPfL ]}fSP]RhŁÂ
Iµ12 := µ({1, 2})− µ({1})− µ({2}) + µ(∅).
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´~SVQSURTSVŁP§
LPUVUPkPU9 SV}kSPDkP
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]RhfUPØ(Xh P~±»§%±»kSŁP1¡(]PFTkP~UP~L<RhUS¬SV(}]~HfP N kTS°TP}<
³LŁPD]ŁS~P>~P} TQkP(tÔtRk ]}fSVST} ~fS°IRT}<P.RLDfŁT:(~P]RhŁ7,fŁT¹º]~fSaPL

(}fPfR8 ﬂ Åf:TfŁﬁ]}fP]RhSŁP*kPŁSV­ŁP>~ i, j Â
Iµij :=
∑
K⊂N\{i,j}
(n− k − 2)!k!
(n− 1)!
[
µ(K ∪ {i, j})− µ(K ∪ {i})−
µ(K ∪ {j}) + µ(K)
]
. Ê  =<Ï
 H}xR Iij > 0
ÊŁP>~t < 0, = 0 ÏN(fŁµfP~´LŁS¬­ŁP~µL(Q1]UVQ1P}<RhSŁP~*ÊºŁP~X<~f¢]~SVf±
SV¹~hSV}k:P}]]Rh}<~ÏﬃTÔRkL ]}]S¬SV(}fP£LPLaS}]kSLPﬁR´P}]~fSVPﬁP}kfPﬁ]RTŁÄU9 RhkPfŁ
§G(kP(RhUSVST}kPLŁS¬­ŁP~ ∅ 6= A ⊂ N 	 ﬂÂ
Iµ(A) :=
∑
K⊂N\A
(n− k − |A|)!k!
(n− |A|+ 1)!
∑
L⊂A
(−1)|A|−|L|µ(K ∪ L), ∀A ⊂ N, A 6= ∅.
Ê ﬂTÏ
 H}zŁPQRTŁ¡<fP¡<fPU# (}R Iij = I({i, j})
_PLRT]~~S I({i}) = φ(i) ]U# SV}]fSP SQ(Ł±
RT}]LPﬂkP

RhfUPØ(²TfŁOLPPNŁRTS~T}XT}Rh]PUVUPNUR´¹ºT}ﬃST} I U#VÉ
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Í]ËKV¿ %TÝ»U<P>~cO¹RTSVUPﬁkPµ°TTSŁ¡(]PT%¡<]Rh}]FUR*RT]RTS¬ﬂP>~cÄRT]kS¬SV°(PTIT}1R I(A) = 0
:TfŁTk A PU]¡<fP |A| > 1 

S«T}]RTUV(}]~OP}k }¡<fP I R*£R%kSTQDR%S~µ]RhŁ

ŁRh¢fS~
PL >ﬁT]¢P}]~  
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#K f}fPG¹RT®L(},~SQSVURhSŁPF§.U# S}]kSLP1 SVQ:TŁRh}LPFkP

]RTfUVPØT £}fP
RhfŁPRhkSV(QRhS~RhST}zRGfŁT:(~P*]RTŁ 
f%¦cSQh 	 #
 H} R¨°<Ú¡<fPU# S}]kSLPÇ S}<PŁR(ﬃST} L(}<SP}<7L(Q1QP,RT~]RTŁSfUVSPŁDU# SV}]fPL
 SVQ:TŁRT}]LPkP

RhfUPØ(f¥a}z¹RhSVfSUXP>~c£:(~~S¢fUP T¢kP}fSŁﬁU9 S}]kSLP SV}<PŁRTﬃSV(}
kP¹R(®L(}Ł>LfŁ~S°TP§.]RhŁSŁkPU# SV}]fSPG SVQ:TŁRT}]LPFfP

]RTfUVPØTP}BT}]~SfŁRh}<
kP>~ﬁ~(]~c±ÅfŁT¢fU­QP>~µRI°(PHQTS}]~ﬁkPLŁSV­ŁP~  
1
Åf²T]Ł Iµij
]LPPŁPUR%SV(}x~ >LŁS¬Â
Iµij = φ
µ[ij]([ij])− φµN\i(j)− φµN\j (i), Ê ﬃ(Ï
1 [ij] P~Äf}LŁS¬­ŁPN LSV¹OÊ i PL j fŁS~OP}]~PQF¢fUP>ÏL µ[ij] : P((N \{i, j})∪{[ij]}) −→
[0, 1] _RI°TP> µ[ij](A) := µ((A \ [ij])∪ {i, j}) ~S A 3 [ij] _PL µ(A) ~SV}]T}X<PL µN\i
P>~c
URGŁP~ŁSﬃST}kP µ § N \ i 
¥ÄfRhQS}fT}~HQDRTSV}<P}]Rh}<L(Q1QP}(LPDT}]PkPkF~PG«(}fŁRTUVS~PŁHRT	RT~kP~
¢fSV±ÅRh]R(LSV>~ £}fP´fŁPQS­ŁPa¹R(®LT}1~PŁRTS¬kPµfŁkkPŁOkP´QDRh}]SV­ŁPﬂŁ>LfŁ~S°TPﬂ§]RTŁSVŁ
kPxU9 SV}kSP7 SVQ:TŁRT}]LP7fP

]RTfUPØ Ê 

ÏﬃP}¯kSVUS~Rh}<1f}fPD¹º(ŁQGfUVPx~SQSVURhSŁPx§
Ê 1ﬃ(Ï

ﬂ #h¤ﬂP:P}]]Rh}<I§£RT]~PNkPNURﬁ¢fS:TURhŁS¬TSU_~PQF¢fUPafU]~}]R%fŁPU(kPµkS~cSV}f«(fPŁ
UP~LŁSV­ŁP~~R%S~¹RhSV~kPDPkÇ¡<fSN}fPUVPD~T}<]RT~¥a}¨}fhRh}< A, B UP~(RTUVSVST}]~
kPLŁSV­ŁP~µ~R%S~¹RhSV~´PLﬁ}f(}x~R%S~¹RhSV~_T}zP~ﬁT}]ffS¬ﬁ§1f}zSV}]fSPX S}<PŁRTLST}z§
kPkÇRhŁ«T]Q1P}<~ IA,B
ÊRTfPUV,½ »É]»¿LÌTÀ9h×fRh}~!

ﬂ ÉÏL
|
RTSVUUV(}]~LP>LSafRT}]~*UVP
R(~ n = 2 :P}B~fS°IRT}<HUPFQ³QPGRTŁ«(fQP}<¡<fPF:T]ŁHUP~HRhRTLSV>~
Ñ
Rh]~PFkPGUR

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-6s s
s s
c
c
c c c
(01,12) (11,12)
(01,02) (11,02)
(01,−12) (11,−12)
(−11,12)
(−11,02)
(−11,−12)
v({1, 2}, ∅)
v({2}, ∅)
v({2}, {1})
v({1}, {2})v(∅, {2})v(∅, {1, 2})
v({1}, ∅)v(∅, {1}) v(∅, ∅)
 


 H¢f¦cPL~µPŁ}]RhSŁP~µ(fŁ n = 2
¢fS(URTŁSV(_}fT]~ﬁRI°(T}]~ﬂQDRhS}<P}Rh}<5 1(¢k¦cPL~NPŁ}]RhSŁP~Êº°(TSŁ 
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RT}]~ﬁ]R(¡(]P
~T]~±ÅRhŁŁkP [−1, 1]2 ]SU~kÕH Rh]fUVS¡<fPŁURDk ]}fSVST},kPFU9 SV}kSPF SV}<PŁRTﬃSV(}
LURT~~S¡<fPkT}]}fP]RTŁÊ 
<Ïﬃ H}zT¢fSP}<Â
I{1,2},∅ := v({1, 2}, ∅)− v({1}, ∅)− v({2}, ∅) + v(∅, ∅)
Ê 1 (Ï
I∅,{1,2} := v(∅, ∅)− v(∅, {1})− v(∅, {2}) + v(∅, {1, 2})
I1,2 := v({1}, ∅)− v(∅, ∅)− v({1}, {2}) + v(∅, {2})
I2,1 := v({2}, ∅)− v({2}, {1})− v(∅, ∅) + v(∅, {1}).
¥a}~P¢]RT~Rh}<ﬁ~fŁ£PfŁSV}]SV:PTk(}Pk£QT}<ŁPŁﬁ¡<fPURF¹º(ŁQGfUP*«(}fŁRTUVP*P~Â
Iv(A, B) =
∑
K⊂N\(A∪B)
(n− a− b− k)!k!
(n− a− b + 1)!
∆A,Bv(K, N \ (A ∪K)),
RI°TP> ∆A,Bv(S, T ) :=
∑
K⊂A,L⊂B(−1)
(a−k)+(b−l)v(S ∪K, T \ (K ∪L))   H}xPk
°TŁSV ]PŁ´¡<fPU# SV}]fSP SQ(ŁRh}]PkP

]Rh]UVPØ7:TfŁﬁUP~´¢fSV±»RhRTLSV>~ﬁ~ ŁSVÂ
φ(i) = Ii,∅ + I∅,i
¥a}	¹RhSVtT}	ŁPŁTf°(P1RI°(P Ii,∅
PL I∅,i
UP~Q%Ø(P}f}fP>~kP~¡<]RT}(S¬~ v(A ∪ i, B) −
v(A, B) PL v(A, B) − v(A, B ∪ i) SV}<ŁkkfSVP>~fRT}]~UR

P>ﬃSV(} ﬂk
ß
PLF¡<fSaŁPfŁL±
~P}<P}(aŁP~:PﬃSV°(PQP}<af}DS}]kSLP(fŁaUP~NŁSV­ŁP>~Ä~RhS~c¹RTS¬~ÄPLﬂf}DSV}kSPﬁ(fŁNUP~
LŁSV­ŁP~µ}f(}~RhS~c¹RTS¬~

S v P~Nk1cØ_P*¤ﬂ² ÓRI°(P v(S, T ) := µ+(S)−µ−(T ) hU# S}<PŁRTLST}~ PLkfŁSQ1P
kPURG¹RT®L(}z~fS°%Rh}<PÂ
ÊºSÉÏ IvS,T = 0
~Rhk¹Ä~S S = ∅ T T = ∅ 
ÊºSSÉÏ7P}x}]hRT}< Iµi U9 S}]kSLP SV}<PŁRTﬃSV(}zfP*URDRT]RTS¬ µi
f}f(]~ﬁRI°T(}]~*Â
IvS,∅ = I
µ+(S), ∀∅ 6= S ⊆ N
Iv∅,T = I
µ−(T ), ∀T ⊆ N.

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URGŁPUR%SV(}xP}<ŁP*U# SV}<PŁR(ﬃSV(}x:TfŁﬁUP~´¢]S¬±»RT]RTS¬~µPL£:TfŁﬁUP~RhRTLSV>~
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R.GfŁ(<~P]RTŁ*ÔRh¢fŁP]]PPL

ŁRT¢fS~ 

 ÅKkT}<}fT]~*k(}f}fT}~£¢fŁSV­°TPQ1P}<
LSV±»kP~~(]~UP~GRhŁ«TfQP}(~fŁS}]LS]RhfK²TfŁ A ⊂ N O}fTT}~ WA(F )
PL1SV}]fSPT
°_.L(Q1QP£]}fPﬁ¹ºT}ﬃST}]}fPUUVPHRT~~kLSRh}<N§]}fPﬁ¹ºT}ﬃST}.X RT«TŁ«(RhST} F f}D}fTQG¢fŁP
ŁPU#
 H}Ã~ff:(~PP}ÓfŁPQSVPŁDUVSP ¡<fP WA
P~.LT}<SV}_XPL.US}fRTSVŁPTN¤ﬂT}~SkŁT}~
QDRhS}<P}Rh}<µ]}fP¹RTQSVUUVPkPH¹ºT}ﬃST}~µX RT«TŁ«(RhST}  1¼¿kÉ_}fhP>~
1α : [0, 1]
n −→
{0, 1}  α ∈ [0, 1]n PkL }fSVP>~ﬁ:TfŁ´Tk x ∈ [0, 1]n ]RhŁÂ
1α(x) =
{
1, ~S xi ≥ αi, i = 1, . . . , n
0, ~SV}f(}X

(S¬ NA,α
URfŁT:TŁST}¯kP.°(PﬃPfŁ~kP [0, 1]n kT}<UPx~L(ŁP«TUT¢RhUa]R(~~P7kP 
§
ß
~Sa~P]U~UP~~L(ŁP>~kP~ŁSV­ŁP>~fRh}]~ A ~(}(RTQ1UVSTŁ~KÝ»UN~PQF¢]UVP}]RhfŁPUakP
:(~PŁﬂ¡<fP WA(1α)
k(S¬µ³LŁP£]Ł((ŁSV(}f}fPU:§ NA,α
(Ý»U:ŁP~P§FŁRh¦cTkPŁaf}xR%kSV(QP
kPG}fTŁQDRhUS~R%SV(}X]kS~RT}<H¡<fPG¡<]RT}] F P~UR7~TQQP:T}]kŁP
∑n
i=1 λixi
KRhUTŁ~
WA(F ) =
∑
i∈A λi
ﬂ¤ﬂP~!
¨R%kSV(QP~1kLPŁQ1S}fP}(.kPz¹R(®LT}Ãf}fS¡<fPU9 SV}kSPTa¡<fS
~ >LŁS¬Â
WA(F ) = 3 · 2
|A|
∫
x∈[0,1]n
∫
yA∈[xA,1]
[
F (yA, xAc)− F (x)
]
dx dyA
RI°TP>.UP~G}fhR%SV(}]~FRh¢fSVfPUVUP~1P yA ∈ [xA, 1]
~S«T}fSV RT}( yi ∈ [xi, 1]
(fŁFTk
i ∈ A 

Rh}] F P>~cﬁU# S}<«TŁRhUPfP¤ﬂ]_¡<fPf(}x(¢kSP}<£:TfŁ A = {i} Â
Wi(Cµ) = 6
∑
K⊂N\i
(n− k)!(k + 1)!
(n + 2)!
[µ(K ∪ i)− µ(K)],
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conjµ :=
E(max)−E(Cµ)
E(max)−E(min)
disjµ :=
E(Cµ)−E(min)
E(max)−E(min)
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E(F ) :=
∫
[0,1]n
F (x)dx.
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vetoµ(i) := 1−
1
n− 1
∑
T⊂N\i
(n− t− 1)!t!
(n− 1)!
µ(T )
faveur(i) :=
1
n− 1
∑
T⊂N\i
(n− t− 1)!t!
(n− 1)!
µ(T ∪ i)−
1
n− 1
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1
n
n∑
i=1
vetoµ(i) = conjµ
1
n
n∑
i=1
faveurµ(i) = disjµ.
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Cµ(a1, . . . , an) =
∑
Iij>0
(ai ∧ aj)Iij +
∑
Iij<0
(ai ∨ aj)|Iij |
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